Introduction
The study of the cohomology for the Lie algebra X(M ) of vector fields on a manifold M was initiated by I.M.Gelfand and D.B.Fuks in 1968. Now it is a large branch of the cohomology theory of infinite-dimensional Lie algebras with specific methods of investigation. The main results of the cohomology theory of X(M ) with various coefficients and its applications were presented in the book [4] . Unfortunately, there are not so many applications of the above cohomologies in differential geometry although they are natural global invariants of M . The main application, namely, the characteristic classes of foliations, is based on the Gelfand-Fuks cohomology of the Lie algebra W n of formal vector fields on R n . It seems that the main reason is that the complex of standard cochains of W n with values in the trivial W n -module R has a natural interpetation as a complex of invariant under the group Diff M forms on the manifold S(M ) of frames of infinite order for M and this interpretation can be easily generalized to foliations. On the other hand, the known geometric interpretations of the above cohomologies for X(M ) can be used for the calculation of these cohomologies only.
The important part of the theory of the cohomologies for X(M ) with various coefficients is the calcuculation of the cohomology of the so-called diagonal subcomplex of the corresponding standard complex of continuous cochains for X(M ). These cohomologies, called diagonal cohomologies, are of interest, independent of the initial cohomologies, because they are also global invariants of a manifold. Note that [4] contains the calculation of diagonal cohomologies, in particular, the diagonal cohomology of X(M ) with coefficients in the trivial X(M )-module R, only partly because of the complexity of some proofs in the original papers [5] , [7] , [10] , [11] , [12] , [13] , and [14] .
We present here rather simple proofs of main theorems on the diagonal cohomologies. Let D 0 be the structure group of S(M ) as a principal bundle over M . Then, for the diagonal cohomologies with coefficients in spaces of various tensor fields, these proofs based on the interpretations of the corresponding diagonal subcomplexes as complexes of invariant under the action of D 0 forms on S(M ) with values in the corresponding tensor GL(n, R)-modules. For the diagonal cohomology of X(M ) with coefficients in the trivial X(M )-module R, the proof is based on the interpretation of the corresponding diagonal subcomplex as the complex of forms on S(M ) × D0 S(M ) invariant under the action of the group Diff M induced by its action on the second factor S(M ) and the recent results on the cohomology of the complex of G-invariant forms on G-manifolds (see [15] ). Note that in cases when the diagonal subcomplex is a differential graded algebra (DG-algebra) we indicate rather simple DG-algebras with the same minimal models in sense of Sullivan [17] . The above interpretations have natural generalizations to other Lie algebras of vector fields and foliations. Therefore, there is a hope to get some geometric applications of these constructions.
In Section 1 we recall some results on the Weil algebra W (g) of a reductive Lie group G with a Lie algebra g, the transgression for the cross product of two principal G-bundles, and the cohomology H(W n ; R) of the Lie algebra W n of formal vector fields.
In Section 2 the main theorems on the diagonal cohomology of X(M ) with coefficients in a tensor X(M )-module and the trivial X(M )-module R are proved.
Throughout the paper manifolds, vector fields, forms, smooth maps, and so on belong to the C ∞ -class.
Preliminaries
In this Section main notions and facts, we need further, are introduced.
Some properties of DG-and G-DG-algebras.
Further a graded topological differential commutative R-algebra A = ⊕ n≥0 A n is called a DG-algebra. Recall that the multiplication and the differential d in A satisfies the rules
where a and b are homogeneous elements of A. Let G be a Lie group with a Lie algebra g and A a DG-algebra A with a smooth left action of G by automorphisms of A. Clearly this action of G induces the representation θ x : A → A (x ∈ g) of g in A.
Definition. A DG-algebra A with a smooth left action of G by automorphisms of A is called a G-DG-algebra if, for each x ∈ g, an antiderivation i x of degree -1 of A satisfying the following Cartan conditions:
is given [2] .
Introduce the following notations: IA = A G is the DG-subalgebra of A formed by G − invariant elements of A. (Obviously, if G is connected, IA = ∩ x∈g ker θ x ); SBA = ∩ x∈g ker i x is a graded subalgebra of A formed by semibasic elements of A; BA = IA ∩ SBA is the DG-subalgebra of A formed by basic elements of A. If H is a closed subgroup of G with a Lie algebra h, one can consider any G-DG-algebra A as a H-DG-algebra relative to the restriction of the action of G to H, the derivations θ x , and the antiderivations i x to elements x ∈ h.
Examples. 1. Let M be a G-manifold. The action of G on Ω(M ) defines on the graded algebra Ω(M ) a structure of G-DG-algebra.
2. The Weil algebra. Let g be the dual space of g, Λ(g ) the exterior, and S(g ) the symmetric algebra of g . If x ∈ g ⊂ Λ(g ), then the corresponding element of g ⊂ S(g ) is denoted by x. We consider Λ(g ) and S(g ) as graded algebras supposing that, for each nonzero x ∈ g , deg x = 1 and deg x = 2. Consider the graded algebra W (g) = Λ(g ) ⊗ S(g ). Let e i (i = 1, . . . , r = dim g) be a basis of g, c i jk (i, j, k = 1, . . . , r) the corresponding structure constants, and e i the dual basis. Define the differential d : W (g) → W (g) by its values on the generators e i ∈ Λ(g ) and e i ∈ S(g ) as follows:
The adjoint representation of G induces the action of g on W (g) and the corresponding operators θ x (x ∈ g). Define the antiderivation i x of W (g) putting it equal to the inner product of a vector x ∈ g and a form on Λ(g ) and equal to zero on S(g ). It is easily checked that W (g) = {W (g), d, θ x , i x } is a G-DG-algebra called the Weil algebra [2] .
Definition. Let G be a connected Lie group and A a G-DG-algebra. A connection ω on A is an element of A 1 ⊗ g satisfying the following conditions:
Let ω be a connection on a G-DG-algebra A. From the definition of connection and conditions (1.1.1) it easily follows that
where Ω ∈ SBA ⊗ g. Ω is called the curvature of the connection ω.
Examples. 1. Let P be a smooth principal G-bundle and Ω(P ) the corresponding G-DG-algebra. For a connected Lie group G, a connection ω on G-DG-algebra Ω(P ) is a connection form on P and the curvature Ω of ω is a curvature form. 2. Consider the Weil algebra W (g). It is easily proved that the form ω = r i=1 e i .e i , i.e. identity form on g with values in g, is a connection on W (g), called the canonical connection of W (g), and Ω = r i=1 e i e i is the curvature of this connection.
Definition. Let A i (i = 1, 2) be two GD-algebras. A morphism from A 1 to A 2 is a homomorphism f : A 1 → A 2 of graded algebras which commutes with d. If A i is a G-DG-algebra a morphism f : A 1 → A 2 of DG-algebras commuting with the operators θ x and i x is called a morphism of G-DG-algebras.
It is evident that a morphism f : A 1 → A 2 of G-DG-algebras induces the morphisms IA 1 → IA 2 , SBA 1 → SBA 2 , and BA 1 → BA 2 of the corresponding subalgebras of G-invariant elements, semibasic elements, and basic elements.
Definition. A morphism f : A 1 → A 2 of DG-algebras is called quasi-isomorphism if it induces a cohomology isomorphism.
By Sullivan [17] quasi-isomorphic DG-algebras have isomorphic minimal models.
Example. Let A be a G-DG-algebra with a connection ω A = r i=1 ω i ⊕ e i . Then there is a unique morphism h of DG-algebras W (g) → A assigning to every e i ∈ W (g) the 1-form ω i . In particular, let P be a smooth principal G-bundle with a base B and with a connection form ω. Then the following properties of h : W (g) → Ω(P ) are well known (see [2] ):
(1) Let F be a fiber of P and i : F → P the inclusion. Then, i * • h is an isomorphism between IΛ(g ) and the space of G-invariant forms on F ; (2) The image of IS(g ) under h is contained in Ω(B) and the corresponding morphism IS(g ) → Ω(B) induces the characteristic Chern-Weil cohomology homomorphism H(IS(g )) → H(B; R) for P.
Definition. A homogeneous element of ∈ P g is called a transgressive element of P if there exists a form t(a) on P , called the transgression cochain of a in P , such that the form i * (t(a) on F is equal to i * • h(a) and dh(c ) is a form on the base B.
Now let G be a reductive Lie group with a Lie algebra g. It is known [2] that the cohomology H(g; R) = Λ(g ) G is the exterior algebra of the vector space P g of primitive elements of the algebra H(g; R) and P g possesses a basis consisting of the elements of odd degrees. Each homogeneous element a ∈ P g is universally transgressive, i.e. there exists an element c ∈ IW (g), called a transgression cochain of a in W (g), such that the component of c in Λ(g ) G coincides with a and dc = b ∈ S(g ) G = BW (g). Thus, for a reductive group Lie G and a principal G-bundle P , each homogeneous element a ∈ P g is a transgressive element of P . Actually, for a transgression cochain of a in P one can take the image under h of the transgression cochain of a in W (g).
Let A i (i = 1, 2) be two G-DG-algebras. Further we consider the tensor product of graded algebras A 1 ⊗ A 2 as a G-DG-algebra under the diagonal action of G and the operators θ x and i x that coincide with the corresponding operators on the factors A 1 and
Denote by C(g) the DG-algebra
where g 1 and g 2 are two copies of g.
4
Theorem 1.1.1.
[15] Let G be a reductive Lie group with a Lie algebra g and a a homogeneous element of P g . Then, there exists c ∈ C(g) such that its component in Λ(g ) G coincides with a and dc
By analogy with the Weil complex we call the cochain c from Theorem 1.1.1 the transgression cochain of the element a ∈ P g in the DG-algebra C(g).
Let G be a reductive Lie group with a Lie algebra g and let A i (i = 1, 2) be two G-DG-algebras with connections ω i . Consider the morphisms of G-DG-algebras h i : W (g) → A i induced by the canonical connection on W (g) and the connections ω i as it was indicated above. The morphisms h i induce the morphism of DGalgebras h : C(g) → B(A 1 ⊗ A 2 ), where A 1 ⊗ A 2 is a G-DG-algebra under the diagonal action of G. Now define the DG-algebra C(A 1 , A 2 ; g) in the following way. As a graded algebra C(A 1 , A 2 ; g) is equal to
and the differential d is equal to the restriction of the differential d i of A i on BA i and, for each homogeneous element a ∈ P g ,
where c is the transgression cochain of a chosen by Theorem 1.
Let P i (i = 1, 2) be two smooth principal G-bundles with bases B i , ω i is a connection form on P i , and
The composition of the natural inclusions
where
Let now H be an automorphism group of P 2 and ω 2 an H-invariant connection form on P 2 . Consider the action of H on M = P 1 × G P 2 induced by its action on P 2 and DG-algebra
H of H-invariant elements of C(P 1 , P 2 ; g). It is easily seen that the image of the composition of morphisms
consists of H-invariant forms on M. Thus, the composition of inclusions
factors through the inclusion of C(P 1 , P 2 ; g)
[15] Let G be a reductive Lie group with a Lie algebra g, P i (i = 1, 2) two smooth connected principal G-bundles, H a transitive group of automorphisms of P 2 , ω i a connection form on P i , and
H is a quasi-isomorphism. 
The definitions of a cohomology of
in the following way:
where c ∈ C p and ξ 0 , . . . , ξ p ∈ g. It is easily seen that C(g; V ) = {C p , d p } is a cochain complex and its cohomology is called the cohomology of g with coefficients in g-module V. This cohomology is denoted by
. Whenever V is an algebra and ρ is a representation of g by derivations of this algebra, C(g; V ) is a DG-algebra. Moreover, if g is the Lie algebra of a Lie group G and ρ is induced by a continuous linear representation of G in V , C(g; V ) is a G-DG-algebra.
Example. Cohomology of the Lie algebra of formal vector fields W n .
Denote by W n the topological Lie algebra of formal vector fields on R n , i.e. the Lie algebra of ∞-jets at 0 ∈ R n of vector fields on R n with the bracket induced by the Lie bracket of vector fields and with the topology of projective limit of spaces of jets of finite order of vector fields.
Each formal vector field ξ ∈ W n can be expressed in the following way:
where f i is a formal power series in variables x 1 , . . . , x n with real coefficients. Let L p (p = 0, 1, . . . ) be a subspace of W n formed by jets of vector fields having at 0 ∈ R zero of multiplicity
where W n → L 0 is the projection under the natural representation W n = R n ⊕ L 0 . Consider the DG-algebra C(W n ; R) of continuous cochains of W n with coefficients in the trivial W n -module R. The natural action of the group GL n = GL(n, R) on R n induces the action of GL n on C(W n ; R) and C(W n ; R) is a G 0 -DG-algebra under this action, where G 0 is the component of the neutral element of GL n . It is easily seen that θ as a 1-form on W n with values in gl n is a connection on the G 0 -DG-algebra C(W n ; R). 6 Let W (gl n ) → C(W n ; R) be a morphism of GL n -DG-algebras induced by the connection θ and let J be the ideal of the algebra C(W n ; R) generated by (R n ) = (W n /L 0 ) ⊂ W n . It is easily checked that dθ ∈ J ⊗ gl n . Hence, the above morphism is equal to zero on ⊕ k>n S k (gl n ) and, then, it uniquely determines the following morphism of GL n -DG-algebras : l :W (gl n ) → C(W n ; R), whereW (gl n ) is the quotient algebra of W (gl n ) by the ideal generated by k>n S k (gl n ).
Theorem 1.2.1. [6, 9] The homomorphism l :W (gl n ) → C(W n ; R) is an inclusion and a quasi-isomorphism.
Let M be an n-dimensional manifold and let X(M )) be the Lie algebra of vector fields on M . We consider X(M )) as a topological Lie algebra under C ∞ -topology. If A is a topological vector space with a continuous linear representation of X(M ) one can consider the DG-algebra C(X(M ); A) and its cohomology H(X(M ); A).
Consider the case when A is equal to the trivial
It is easily seen that the set of diagonal cochains is a subcomplex of C(X(M ); R). This subcomplex is called the diagonal cochain complex of the Lie algebra X(M ) with coefficients in R and is denoted by C ∆ (X(M ); R). The cohomology of C ∆ (X(M ); R) is called the diagonal cohomology of X(M ) with coefficients in R and is denoted by H ∆ (X(M ); R).
Let now A be a tensor GL n -module, A(M ) the fiber bundle over M with a fiber A associated with the tangent bundle of M, and A the space of smooth sections of A(M ), i.e. the space of the corresponding tensor fields. It is obvious that the Lie derivative determines on A a structure of a X(M )-module. For example, if A is equal to the space Λ p ((R n ) ) of skew-symmetric p-forms on R n with the natural action of GL(n, R), A is equal to the space Ω p (M ) of exterior differential p-forms on M. In particular, for p = 0, A = R and A coincides with the space F(M ) of smooth functions on M. Note that, for
. . , X p ∈ X(M ) and x ∈ M, the value of c(X 1 , . . . , X p ) at x depends only on germs of X 1 , . . . , X p at x. By [16] this condition is equivalent to the following one: for X 1 , . . . , X p ∈ X(M ) and x ∈ M, the value of c(X 1 , . . . , X p ) at x depends only on C ∞ -jets of X 1 , . . . , X p at x.
It is easily seen that the set of diagonal cochains is a subcomplex of C(X(M ); A). This subcomplex is called the diagonal cochain complex of X(M ) with coefficients in A and is denoted by C ∆ (X(M ); A) = {C Note that C ∆ (X(M ); F(M )) is a subalgebra of the DG-algebra C(X(M ); F(M )) and C ∆ (X(M ); Ω(M )) is a subalgebra of the DG-algebra C(X(M ); Ω(M )). Moreover, for an arbitrary A, C ∆ (X(M ); A) is a C ∆ (X(M ); F(M ))-module and, hence,
Consider the graded complex
and denote its differential by δ. Since the exterior derivative d of the complex Ω(M ) is an endomorphism of the X(M )-module Ω(M ), it induces an endomorphism of the complex C ∆ (X(M ); Ω(M )). Denoting this endomorphism by d one can note that it is a differential, i.e.
In the sequel we consider
The following theorem was proved independently in [10] and [12] .
). This theorem reduces the calculation of the diagonal cohomology H ∆ (X(M ); R) to one of the DG-algebra C ∆ (X(M ); Ω(M )) and this calculation is one of the most difficult problems of diagonal cohomology.
1.3. The space S(M ) of frames of infinite order. Let M be an n-dimensional manifold again. By S k (M ) denote the space of k-jets at 0 ∈ R n of diffeomorphisms from neighborhoods of 0 ∈ R n to M. It is clear that S k (M ) is a finite-dimensional manifold and one has a projective system of manifolds
is the natural projection. It is evident that S 1 (M ) is the frame bundle of M and let S(M ) be a projective limit of this system. It is known [1, 8] 
that S(M ) is a manifold with model space R
∞ called the space of frames of infinite order of M .
Consider the projection p : S(M ) → M and the infinite-dimensional Lie group D 0 of ∞-jets of local diffeomorphisms of R n at 0 ∈ R n preserving 0. Let j ∞ x mean an ∞-jet at a point x. Since each point s ∈ S(M ) can be represented as j ∞ 0 k, where k is a diffeomorphism from a neighborhood of 0 ∈ R n into M, the group D 0 acts naturally on S(M ). It is easily seen that L 0 is the Lie algebra of D 0 and S(M ) is a principal D 0 -bundle over M.
Define the canonical Gelfand-Kazhdan 1-form ω with values in W n on S(M ) (see [1] , [8] ) in the following way. Let τ be a tangent vector at s ∈ S(M ) and s(t) a path on S(M ) such that τ = ds dt (0). One can represent s(t) by a smooth family
The 1-form ω satisfies the following conditions :
(1) ω induces a topological isomorphism between each tangent space T s of S(M ) at s ∈ S(M ) and W n ; (2)
(the Maurer-Cartan condition);
(3) ω is invariant under the group Diff M of diffeomorphisms of M .
In other words, ω is an invariant under Diff M flat Cartan connection on S(M ).
The conditions (1) and (2) mean that one has the homomorphism σ from W n to the Lie algebra of vector fields on S(M ) defined in the following way: for each α ∈ W n ω(σ(α)(s)) = α (s ∈ S(M )). This action of W n on S(M ) is free and transitive.
Suppose that τ ∈ T s is as above. Then g(t) = k t • k 
The calculation of diagonal cohomologies
In this Section we prove main theorems on the cohomology H ∆ (X(M ); A), where A is a tensor X(M )-module, and the cohomology H ∆ (X(M ); R). Theorem 2.1.1. There is a canonical isomorphism of complexes
Proof. The above representation of tangent vectors of S(M ) as ∞-jets of vector fields allows to consider θ ∈ Ω p (S(M ), A) D0 as a continuous p-form on X(M ) with values in A such that for X 1 , . . . , X p ∈ X(M ) and x ∈ M θ(X 1 , . . . , X p )(x) depends on j
Then d θ as a (p + 1)-form on X(M ) with values in A coincides with the differential of θ as a cochain of the complex C ∆ (X(M ); A). This follows from the known formula for the exterior derivative of p-form on a manifold, the action of X(M ) on A, and (1.2.1). Proposition 2.1.2. [13] There is a spectral sequence E r =⇒ H ∆ (X(M ); A) with
Proof. Let us take a Riemannian metric on M and the canonical section ρ of the fiber bundle S(M ) → S 1 (M ) defined as follows: for each frame a ∈ S 1 (M ) at a point x ∈ M ρ(a) is an element of S(M ) corresponding to the ∞-jet at x of the geodesic chart under the Levi-Chivita connection induced by a. Denote by D 1 the subgroup of D 0 formed by ∞-jets at 0 of local diffeomorphisms of R n whose 1-jet at 0 is equal to zero. It is evident that L 1 is the Lie algebra of D 1 .
Identifying ρ(S 1 (M )) with S 1 (M ) one obtains the following representation of
is uniquely determined by its values in the points of the section ρ. Hence, there is the following isomorphism of vector spaces ξ 1 ) , . . . , σ(ξ p+q )) = 0 for ξ 1 , . . . , ξ q+1 ∈ gl n , where it is assumed that gl n is included naturally into L 0 ⊂ W n . Consider the spectral sequence E r induced by this filtration.
At first let us suppose that M is an open subset of R n . Then
where gl n is the Lie algebra of left invariant vector fields on GL n . The differential d 0 is induced by the differential of the complex C(gl n ; C(L 1 ; A)), where the complex C(L 1 ; A)) is a gl n -module under the action of gl n induced by the adjoint representation of gl n on W n and the given action of gl n on A.
The above gl n -module C(L 1 ; A) is a tensor one and, then, it is well known (see, for example, [18] ) that H(gl n ; C(L 1 ; A)) = H(gl n ; R) ⊗ C (L 1 ; A) gl n . Therefore, one obtains the following formula for E 1 in our case:
But H q (gl n ; R) is the space of q-forms on gl n invariant under the adjoint representation of gl n . Then one consider these forms as right invariant forms on fibers of the principal GL n -bundle S 1 (M ) and this representation is independent of the representation S 1 (M ) = M × GL n . Hence, by a partition of unity of M one can prove formula (2.1.1) for an arbitrary M .
By definition the differential d 1 is induced by the exterior derivative on Ω(M ) and the differential of the complex C (L 1 ; A) gl n . Then
Note that C(L 1 ; A) gl n is a subcomplex of C(L 1 ; A) since the action of gl n on C(L 1 ; A) is compatible with the differential of this complex. Since the gl n -module C(L 1 ; A) is completely reducible, C (L 1 ; A) gl n , the kernel, and the image of the differential of the complex C(
gl n ) into (2.1.2) and applying Theorem 2.1.1, one obtains the statement of the theorem.
As it was noted above,
gl n of the term E 2 are represented by cocycles of the complex Ω(S(M ), A) D0 .
Proposition 2.1.3. [11] There is a spectral sequence
Proof. The gl n -module C(L 1 ; R) is a direct sum of tensor modules of the types (r, s) with r < s that have no nontrivial gl n -invariant subspaces (see [19] ) and Proof. Consider a Riemannian metric on M and the corresponding Levi-Chivita connection on the frame bundle S 1 (M ). This connection determines the homomorphism h of the Weil algebra W (gl n ) into the de Rham complex Ω(
is compatible with the actions of the groups D 0 and GL n on S(M ) and
D0 . Hence, the restriction of h to IW (gl n ) induces the homomorphism
D0 . Since the Lie algebra gl n is reductive, all homogeneous elements of H(gl n ; R) ⊂ IW (gl n ) are transgressive, and the images of their transgression cochains under h are the transgression cochains for the corresponding elements of E 0, * 2 = H(gl n ; R).
Recall that H(gl n ; R) is the exterior algebra with the generators c 1 , . . . , c n (i = 1, . . . , n; deg c i = 2i − 1).
It is known that the differentials of the transgression cochains for c i are obtained with the help of the homomorphism h for the above Levi-Chivita connection. Thus, they vanish for odd i and i > n 2 . In the other cases they are equal to the known Pontrjagin forms up to constant non-zero real factors. Theorem 2.1.5.
[11] DG-algebra C ∆ (X(M ); F(M )) is quasi-isomorphic to its subalgebra generated by the generators c 1 , . . . , c n of the algebra H(gl n ; R) and Ω(M ).
Proof. From Propositions 2.1.3 and 2.1.4 it follows that all elements of E 1 are represented uniquely by the elements of the subalgebra pointed out in Proposition 2.1.4 and this representation gives a one-to-one correspondence between E 1 and the above subalgebra. Then the statement of the theorem follows from properties of spectral sequences.
Theorem 2.1.6. [13] There is the following isomorphism:
Proof. Consider the formula for the term E 2 obtained in Proposition 2.1.2. Let a ⊗ b ∈ E 2 , where a is a homogeneous element of H(gl n ; R) and b ∈ H(M ; R) ⊗ H((L 1 ; A) gl n ). Let us substitute the transgression cochain of a in Ω(S(M )) D0 for a and the corresponding cocycle of Ω(S(M ), A) D0 for b in a ⊗ b. As it was noticed above C ∆ (X(M ); A) is a C ∆ (X(M ); F(M ))-module. Hence, Theorem 2.1.1 implies that this substutution gives the element of C ∆ (X(M ); A) that represents a⊗b. Then the equality d(a ⊗ b) = da ⊗ b determines all differentials of our spectral sequence and, then, Theorems 2.1.1 and 2.1.5 imply the statement of the theorem.
Note that the cohomology H ∆ (X(M ); A) for A = Λ((R n ) ) was calculated in [7] .
Remark. Consider the principal U (n)-bundle U (M ) associated with the complexification of the tangent bundle of M . The DG-algebra Ω(U (M )) is quasi-isomorphic to its subalgebra generated by Ω(M ) and the set of the transgression cochains in Ω(U (M )) of homogeneous elements of H(U (n); R) for the principal U (n)-bundle U (M ) [2] . Clearly this subalgebra is isomorphic to the subalgebra of the DGalgebra C ∆ (X(M ); F(M )) of Theorem 2.1.5. This implies that the minimal models of the DG-algebras C ∆ (X(M ); F(M )) and Ω(U (M )) coincide; in particular, there is an isomorphism H ∆ (X(M ); F(M )) = H(U (M )); R) (see [11] ).
The diagonal cohomology H ∆ (X(M ); R).
Further we suppose that M is a connected oriented n-dimensional manifold and denote by Diff M the group of diffeomorphisms of M preserving the orientation of M . Since M is oriented, S(M ) is a disjoint sum of two components and each of these components is a principal D 0 -bundle, whereD 0 is a component of the neutral element of D 0 . Let us chose one of these components and denote it byS(M ). The natural action of D 0 on W n induces on C(W n ; R) a structure of a D 0 -DG-algebra. Let Ω(S(M ))⊗C(W n ; R) be a D 0 -DG-algebra under the diagonal action of D 0 . There is the following canonical isomorphism of DG-algebras
where B(Ω(S(M )) ⊗ C(W n ; R)) is the subalgebra of basic elements of theD 0 -DGalgebras Ω(S(M )) ⊗ C(W n ; R).
Theorem 2.2.1. For a connected compact oriented manifold M the DG-algebras C ∆ (X(M ); Ω(M )) and B(Ω(S(M )) ⊗ C(W n ; R)) are isomorphic.
Proof. One can consider any element c ∈ Ω p (S(M )) ⊗ C q (W n ; R) as a skewsymmetric (p + q)-form on the Lie algebra X(S(M )) ⊕ W n with values in F(S(M )). Let X(M ) be the image of X(M ) under the natural inclusion X(M ) → X(S(M )) and W n be the subspace of X(S(M )) ⊕ W n formed by elementsξ = σ(ξ) ⊕ ξ (ξ ∈ W n ). Since, for every X ∈ X(M ) and ξ ∈ W n , [X, σ(ξ)] = 0, W n is a subalgebra of X(S(M )) ⊕ W n . It is clear that c is uniquely determined by its values on the subalgebra
Consider the bigraduation of Ω(S(M )) ⊗ C(W n ; R) induced by the bigraduation
By definition an element of bidegree (p, q) is a cochain c ∈ Ω(S(M )) ⊗ C(W n ; R), that is uniquely determined by its values on all systems of vectors X 1 , . . . , X p ∈ X(M ) andξ 1 , . . . ,ξ q ∈ W n .
By the definition of the differential D of the complex Ω(S(M )) ⊗ C(W n ; R) the differential Dc of the element c of bidegree (p, q) is determined by the following equations:
Now consider the DG-algebra B(Ω(S(M )) ⊗ C(W n ; R)) of basic cochains of thẽ
. By definition its element of bidegree (p, q) is aD 0 -invariant cochain c(X 1 , . . . ,X p ,ξ 1 , . . . ,ξ q ), which vanishes, if one of the vectors ξ 1 , . . . , ξ q belongs to L 0 . This condition means that one can considerc as a cochain of the bicomplex C p ∆ (X(M ); Ω q (M )). Then from Theorem 2.1.1 it follows that B(Ω(S(M )) ⊗ C(W n ; R)) and C ∆ (X(M ); Ω q (M )) are isomorphic as bigraded algebras. Finally, equations (2.2.1) and (2.1.2) imply that this isomorphism is an isomorphism of DG-algebras.
Remark. It is known [1] that the DG-algebra C(W n ; R) is naturally isomorphic to the algebra Ω(S(M )) Diff M of invariant under Diff M forms onS(M ) and this isomorphism is an isomorphism ofD 0 -DG-algebras. Then Theorem 2.2.1 give an interpretation of the diagonal subcomplex C ∆ (X(M ); Ω(M )) as an DG-algebra of forms onS(M ) ×D
0S
(M ) that are invariant under the action of Diff M induced by its action on the second factor.
Let G 0 is the component of the neutral element of the group GL n and consider G 0 -bundle P (M ) of frames of M such that their orientation is induced by the orientation of M . It is clear that Ω(P (M )) and C(W n , R) are G 0 -DG-algebras.
Theorem 2.2.2.
[10] For a connected compact oriented manifold M the DGalgebras B(Ω(S(M )) ⊗ C(W n ; R)) and B(Ω(P (M )) ⊗ C(W n , R)) are isomorphic.
Proof. It is known [1, 8] that the homomorphism ξ → σ(ξ) (ξ ∈ W n ) induces an isomorphism between C(W n ; R) and the DG-algebra of Diff M -invariant forms on S(M ). Therefore, one can consider Ω(S(M )) ⊗ C(W n ; R) as a G 0 -DG-algebra of Diff M -invariant forms on S(M ) × S(M ), where the action of Diff M is induced by its action on the second factor. Then the DG-algebra B(Ω(S(M )) ⊗ C(W n ; R)) is isomorphic to the DG-algebra Diff M -invariant forms onS(M ) ×D 2. The following geometric interpretation of H ∆ (X(M ); R) can be obtained from Theorem 2.2.3. Denote by X n the preimage of the Schubert 2n-dimensional skeleton sk 2n (∞, n) of the complex Grassmanian of the space C ∞ in the total space of the classical universal principal U (n)-bundle EU (n) over sk 2n (∞, n). It is clear that X n is a principal U (n)-bundle over sk 2n (∞, n).
Let DRS(EU (n)) and DRS(X n ) be the de Rham-Sullivan DG-algebras [17] for the field R of EU (n) and X n , respectively, and DRS(EU (n)) → DRS(X n ) the homomorphism of DG-algebras induced by the inclusion X n ⊂ EU (n). Let us interpret elements of W (u(n)), where u(n) is the Lie algebra of U (n) as forms on EU (n) by means of a connection form on the principal U (n)-bundle EU (n). Then the images of the transgression cochains in the Weil algebra W (u(n)) under the composition of the natural homomorphism Ω(EU (n)) → DRS(EU (n)) and the above homomorphism DRS(EU (n)) → DRS(X n ) are the corresponding transgression cochains in DRS(X n ) for the principal U (n)-bundle X n . It is easily seen that the inclusion of the subalgebra of DRS(X n ) generated by these transgression cochains and their differentials into DRS(X n ) is a quasi-isomorphism. It is clear also that this subalgebra is isomorphic to the corresponding subalgebra ofW (gl n ) which is quasi-isomorphic toW (gl n ).
¿From the above considerations and the remark at the end of Section 2.1 it follows that the DG-algebra C(Ω(P (M )),W (gl n ); gl n )G 0 and the de Rham-Sullivan DGalgebra of the space U (M ) × U (n) X n are quasi-isomorphic. Finally, Theorem 2.2.3 implies the isomorphism H p ∆ (X(M ); R) = H p+n (U (M ) × U (n) X n for p > 0.
